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Abstract 

The article is devoted to the investigation of approximate, global 
and along curves smoothness of functions f(xi,...,x m ) of variables 
x%, ■■■,x m in infinite fields with non trivial multiplicative ultra- norms 
and relations between them. Then classes of smoothness C n ' r and 
C£' r and more general in the sense of Lipschitz for partial difference 
quotients are considered and theorems for them are proved. Moreover, 
an approximate differentiability of functions relative to measures is de- 
fined and investigated. Its relations with lipschitzian property and al- 
most everywhere differentiability are studied. Finally theorems about 
relations between approximate differentiability by all variables and 
along curves are proved. 

1 Introduction 

Fields with non-archimedean valuations such as the field of p-adic numbers 
were first introduced by K. Hensel [7]. Then it was proved by A. Ostrowski 
[16] that on the field of rational numbers each multiplicative norm is either 
the usual norm as in R or is equivalent to a non-archimedean norm \x\ = p~ k , 
where x = np k /m G Q, n, m, k G Z, p > 2 is a prime number, n and m and 
p are mutually pairwise prime numbers. It is well known, that each locally 
compact infinite field with a non trivial non-archimedean valuation is either 
a finite algebraic extension of the field of p-adic numbers or is isomorphic to 
the field F p k(9) of power series of the variable 9 with expansion coefficients 
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in the finite field F„fe of p k elements, where p > 2 is a prime number, k G N 
is a natural number [18, 22]. Non locally compact fields are also wide spread 
[4,18,19]. 

Last years non-archimedean analysis [18, 19, 20] and mathematical physics 
[8, 9, 10, 21, 17] are being fastly delevoped. But many questions and problems 
remain open. 

In the non-archimedean analysis classes of smoothness are defined in an- 
other fashion as in the classical case over R, since locally constant functions 
on fields K with non-archimedean valuations are infinite differentiable and 
there exist non trivial non locally constant functions infinite differentiable 
with identically zero derivatives [19, 20]. This is caused by the stronger ul- 
trametric inequality \x + y\ < max(|x|, |y|) in comparison with the usual 
triangle inequality, where \x\ is a multiplicative norm in K [18]. In papers 
[12, 13, 14, 1] there were considered classes of smoothness C n for functions 
of several variables in non-archimedean fields or in topological vector spaces 
over such fields. 

In the classical functional analysis the approximate differentiability and 
almost everywhere differentiability are widely used and studied, for example, 
for the needs of the geometric measure theory [6]. On the other hand, in the 
non-archimedean case this subject was not yet investigated. 

This paper is devoted to the investigation of smoothness of functions 
f(xi,...,x m ) of variables Xi,...,x m in infinite fields with non trivial non- 
archimedean valuations, where m > 2. In the paper fields locally compact 
and as well as non locally compact are considered. Theorems about classes 
of smoothness C n or of functions with continuous or bounded uniformly 
continuous on bounded domains partial difference quotients up to the order 
n are investigated. 

In the second section the approximate limits and approximate differen- 
tiability in the sense of partial difference quotients are defined and inves- 
tigated over locally compact fields relative to the Haar nonnegative mea- 
sures on fields. Non-archimedean analogs of classical theorems of Kirzsbraun, 
Rademacher, Stepanoff, Whitney are formulated and proved (see Theorems 
2.8, 9, 17, 22 respectively). Their relations with the lipschitzian property and 
almost everywhere differentiability are studied (see Theorems 2.15, 19, 20, 
23, 24). Finally theorems 2.25 and 26 about relations between approximate 
differentiability by all variables and along curves are proved. Frequently for- 
mulations of theorems and their proofs in the non-archimedean case are dif- 
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ferent from the classical case due to specific features of the non-archimedean 
analysis and underlying fields. All results of this paper are obtained for the 
first time. 

2 Approximate differentiability of functions 

1. Definition and Notations. Let K be an infinite locally compact field 
with a non trivial non archimedean valuation and B(K) = B be a Borel 
a-algebra of subsets of K. A a-additive cr-finite measure /i : B — > [0, oo] 
is called the Haar measure, if /i is non zero and p(x + A) = fi(A) for each 
x G K and A E B. For convenience put fi(B(K, 0, 1)) = 1 and choose 
an equivalent valuation \x\ = \x\k = mod K (x) in K, where mod^x) is 
the modular function such that fi(xB(K, 0, R)) = mod-K_(x)ii(B(K, 0, R)) for 
each x G K, where R belongs to the valuation group Tk := {\x\ : ^ 
x G K} of K, AiA 2 : = {a : a = a\a 2 ,ai G Ai,a 2 G A 2 } for A\, A 2 C K, 
B(K m ,y,R) := {z G K m : \z - y\ < R}, m G N. For K m take the measure 
fi m = ® , v =1 ij,j, where fij = fi =: fi 1 for each j, such that fi m (Ai x ... x A m ) = 
rijLiMA/) f° r eac h ^i)—)An ^ <S(K), (8)^ =1 jB(K) is the minimal a-algebra 
generated by subsets of the form Ai x ... x A m and the Borel a-algebra £>(K m ) 
of K m coincides with ®f =1 B(K). 

2. Remark. Suppose that (X,p x ) is a metric space with a set X and 
a metric px in it. A non negative measure v on a a-algebra C of X is called 
Borel regular if and only if B(X) C C and for each A G C there exists 
i7 G B(X) such that ^(i?) = v(A), where B(X) denotes the Borel a-algebra 
of X which is the minimal a-algebra generated by open subsets of X. Denote 
by M the class of all Borel regular non negative measures v on X such that 
each bounded subset A in X has a finite measure < v{A) < 00. 

Consider the family M of all subsets A of X for which there exists G = 
G(A) G B(X) such that A C G and ^(G) = 0. The minimal a-algebra 
A u = A U (X) generated by B(X) U Af is the //-completion of B(X) and it 
consists of //-measurable subsets. 

A subset of the form {(y, A) : y G A C X} is called a covering relation. If 
Y is a subset of X, then put V^(F) := {A : there exists y E Y, (y, A) G V}, 
where V is a covering relation in X. Then V is called fine at a point y if 
and only if inf( ?/i A)ev diam(A) = 0, where with each A C X is associated its 
diameter diam(A) := sup x yeA px(x,y). 
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Consider a covering relation V in X satisfying conditions: 
(VI) V(X) is a family of Borel subsets of X, 
(V2) V is fine at each point of X, 

(V3) if C C V and F C X and C is fine at each point of F, then C(Y) 
has a countable disjoint subfamily covering v almost all of Y . 

If for a given v G M. a covering relation satisfies Conditions (VI — V3), 
then it is called a v Vitali relation. 

Suppose that v <E M and and V is a z/ Vitali relation. With each A G .M 
there is associated another measure X u defined by the formula: 

\ V (A) := mi{X(S) : S G B(X),v(A \ S) = 0}, whenever A C X, hence 
A, < A. 

If a covering relation V is fine at a point x G X and / : dom(f) — > 
[—00, 00], where dom(f) C £>(X) is the domain of /, then 

(V) lim 5 ^ f(S) := lim < e ^o{/(5) : (x, S) G V, dmm(S) < e, 5 G dom(/)}, 
analogously are defined 

(V) limg^sup f(S) := lim < e -^o sup{/( < S) : (x, S) G V,diam(S) < e, S G 
dom(/)} 

and (V^) lims^^ inf /. 

For a subset A in X and a point x G X the limit (V) lims^ v(SnA)/v(S) 
is called the (v,V) density of A at x. 

If g : X — > y is a mapping of a metric space (X, px) into a (Hausdorff) 
topological space Y, then y G Y is called an approximate limit of g at x 
(relative to a measure z/ G .M(X) and a z/ Vitaly relation V) if and only of 
for each neighborhood W of y in F the set X \ (? _1 (iy) has zero density at 
x and it is denoted by y = (u, V)ap lim z ^ x g(z). If (u, V) are specified, then 
they may be omitted for brevity. 

A function g is called (v, V) approximately continuous if and only if x G 
dom(g) and (v, V)ap \im z ^ x g(z) = g(x). 

3. Definitions. Let Y be a topological vector space over K, g : U — > Y 
be a mapping, where U is open in K m , m G N. Then g is called approximate 
differentiable at a point x of U if there exists an open neighborhood W of 
x, W C U, such that $ 1 (7(x;f;t) is ji 2m+l almost everywhere continuous 
on and at x there exists a linear mapping T : K m — > F such that 

(/i m , \/)aplim 2 ^ ;c |^(z) - g(x) - T{z - x)\/\z - x\ = 0, where V = £(K m ). 
This T is also denoted by ap Dg(x). If this is satisfied for each z G £7, then 
g is called approximate differentiable on U. The family of all such functions 
denote by ap C 1 (/7, F). Then also define approximate partial derivatives: 
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apDjg(x) := ap\im t ^ [g(xi, + t,x j+1 , ...,x m ) - g(x)]/t. 

The family of all / G C n (U, Y) such that $ n / G apC^U^, Y) denote by 
a P C n+1 (U, Y). Suppose now that A is a fi m measurable subset of U and Y 
be a normed space, < r < 1, then denote by ap C n ' r {U, A, Y) the family of 
all / G C n (U,Y) with 

aplini a;( „)^(„)||l» fe /(^ (n) ) - $V(^ (n) )ll c o (v; M y) /k W - ^ (n) | r < oo 

for jj m almost all z G A and each < R < oo, where corresponds to 
^ iR = f/n J B(K m ,^ J R). 

4. Lemma. The families ap C n+1 {U,Y) and ap C n,r {U, A, Y) are the 
'K-linear spaces. 

Proof. 1. Since C n (U,Y) is the K linear space, then it is sufficient to 
verify, that the set of all $ n / with / G ap C n+1 (U, Y) is K linear. Therefore, 
the consideration reduces to ap C 1 (?7, F), where is denoted also by U. 
If /, 9 £ apC-iU, Y) and a, 6 G K, then 

^(a/ + f ; t) = a<& l f(x] v; t) + b<& l g(x] v; t), 

since for /i 2m+1 -almost all points (x; v;t) G K 2m+1 the right side terms are 
continuous and hence the left side term is such also. If x G U, then 

ap\im z ^ x \(af + bg)(z)-(af + bg)(x)-a ap Df(x).(z-x)-b ap Dg(x).(z- 
x)\/\z-x\ < ap\im z ^ x \a\\f(z)-f(x)- ap Df(x).(z-x)\/\z-x\+ap1im z -> x \b\\g(z)- 
g(x) — ap Dg(x).(z — x)\/\z — x\ — 0, hence there exists ap D(af + bg)(x) = 
a apDf(x) + b apDg(x). 

For each / G ap C l (U, Y) the operator T = ap Df(x) is unique, since the 
difference H = T\ — T2 of two such K-linear mappings is subordinated to the 
condition: aplim^o l-^l/M — ap^m. z ^ a \H{z — x)\/\z — x\ = due to Defi- 
nition 3. Therefore, if < e < 1, then there exists R > 0, R G r K , such that 
li m (B(K m , 0, R)D{v G K m : \Hv\ > e\v\}) < e m R m . If w G 5(K m , 0, i?) and 
f G 5(K m , u>, ei?) with \Hv\ < e|i>|, then |ifiu| < max(\H(w — v)\, \Hv\) < 
ei?max(||iJ||, 1), consequently, \\H\\ < emax(l, ||i?||), consequently, \\H\\ = 
0, since e > can be chosen arbitrary small. At the same time f(x;v;t) 
is unique on up to a set of /i 2rn+1 -measure zero. 

2. The second assertion follows from the inequality 

aplhK x(n) ^ z(n) \\$ k (af+bg)(x^)-^ 

ms,x(ap^ x(n) ^ zin) \a\\\^ k f(^ n) ) - ® n f(z (n) )\\ c o {v (^ Y) /\x^- z^\ r ; 
\b\ap]hR xin) ^ zin) \\® k g(xW) - $ n g(zW)\\0 (v w >Y) /]xW - z^\ r < 00 
for each a, b G K and /, g G ap C n ' r (U, A, Y)* 
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5. Note. For a locally compact field K each x G K has the decomposition 
x = J2n a n^ n for char(K) = and x = J2n a n@ n for char(K) = p > (see 
Introduction), where a n = a n (x) are expansion coefficients. Introduce on 
K the linear ordering: x -< y if and only if there exists m G Z such that 
a n (x) = a n {y) fo r each n < m and a m (x) < a m (y) with the natural ordering 
either in B(K,0, 1)/S(K,0, | vr | ) or in F p fc respectively. In the contrary case 
we write x = y. This linear ordering is compatible with neither the additive 
nor the multiplicative structure of K, but it is useful and it was introduced 
by M. van der Put [19]. In K m we can consider the linear ordering: x -< y 
if and only if there exists / G N such that jX = jy for each 1 < j < I and 

ix -< iy, where x — ( ±x, m x) G K m , ix G K for each % — 1, ...,m. 

6. Theorem. Let v be a measure on K m ; v G Ai(K m ), let also f : 
K m — > K be v -measurable and 2/1,^2, IJ3, ••• G K are pairwise distinct and such 
that for each y G K and every e > there exist n, k G N such that \y n — y\ < e 
andy n ^ y and \yk~y\ < e andy -< yj,. Then there exist v-measurable subsets 
Ai, A 2 , A 3 , ... in K m with characteristic functions gj = chA 3 such that 

f(x) = En=iyn9n(x) 

for each x G K m . 

Proof. If \yi — yj\ < 5, where < 5, then max(|?/ — yi\,\y — Vj\) < S 
for each y\ -< y -< yj. In the space L°°(K m ,z/, K) the K-linear span of 
characteristic functions of clopen subsets is dense. Consider the set W n : = 
{x G K : \f(x)\ < n}, where n G N, then f\ Wn G L°°(K m , v, K). There- 
fore, f{x)\ Wn \w n -i = Ylk=i s n,kgn,k{x)i where each g n>k is the characteris- 
tic function of a //-measurable subset in K m , s„ ife G K, IVq := 0- Then 
/(^) = Sfe°n=i Sn,k9n,k{ x ) converges pointwise for each x G K m . 

Therefore, it is enough to construct the decomposition of f\w q \W-i f° r 
arbitrary q. Thus consider the subset y n with \y n \ < q. For each e > there 
exists a finite e-net {yi( s ) : s — 1, ...,b}, b — 6(e), that is for each y G K there 
exists s, 1 < s < b, such that |y — yi( s )\ < e - 

Take the sequence ej = | tt p and bj = b(ej). If y n is the last point of 
the |7r| J net, then new |7rp +1 -net begins and put u — 1, if it is not so, then 
take u = 0. Suppose that ||/ — YJfZi yjgj\\L°°(A n ,u,K.) > 0. Otherwise the 
decomposition is already found. Put by induction A n = A n , n+ i := {x : y n ■< 
f{x) - E"=i Uj9j(x) -< y n+i } if y n di y n -k, where / > 1 is the minimal natural 
number for which y n -< y n+l and |7r| u+1 ||/(x) - J2]=l Vj9j(x) ||l°°(a„,i/,k) < 

\y n -y*+i\ < kl u ||/(a:)-E"=i 1 %'^( a; )IU oo (^.«'.K); An = An > n + l '■= i x '■ y»+i ^ 
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f(x) — Sj=i Uj9j( x ) Un} if Z/n-fe ?/n, where I > 1 is the minimal natural 
number for which y n+i -< y n and |7r|" +1 ||/(:r) - T%Ziyj9j(x)\\L°°(A n ,v,K.) < 
\y n ~ Vn+i\ < Ml 1/0*0 - Epi 1 yj5'j(^)IU-(A n ,i/,K), where k = k(n) is a gap 
on the preceding step as I on this step. In accordance with this algorithm 
some A q may be empty, when n < q < n + I for subsequent numbers of the 
algorithm, so that g q = for such q. Then consider the sum (Y7j=i Uj9j( x )) + 
y n 9n- Since \y n — y n +i\ < KH^n ~~ Un-k\ for each n and each |7r| J -net is finite, 
then the series X^i Uj9j converges. In view of the inequalities above it 
converges to f\w q \w q - x by the norm of L°°(K m , z/, K) for each q. Denote 
Aj for f\w q \w q -i by q Aj. Then U^Li gA? =: A? ^ s ^-measurable for each 
j. Since for each a; E K m there exists g such that x G VFq \ W q _i, then 
J2 < jLiUj9j( x ) — f( x ) converges pointwise. 

7. Lemma. Suppose that H is a compact non void subset in K n x 
(K \ {0}) and X t := {y E K n : \y - z\ < \x\ r t for every (z,x) E H} for 
< t < oo, where < r < 1 is a constant, then c := inf{t : X t ^ 0} < oo 
and X c = (f] t>c X t ) ^ 0. If q E X c , then A q ^ 0, where A q := {z : 
there exists (z,x) E H with \q — z\ — \x\ r c}. 

Proof. Each set X t is compact, since H is compact. Consider the pro- 
jection 7T n+ i : K n+1 — > K such that n n +i{ ix,..., n +i x ) = n+i x , where 
jX E K for each j = l,...,n + 1. Thus n n+ i(H) is compact as the con- 
tinuous image of the compact set. But 7r n+ i(H) is contained in K \ {0}, 
consequently, mf( Z;X ) eH \x\ > 0. At the same time sup^ x ^ eH \z\ < oo, hence 
< sup{|2;|/|x| r : (z,x) E H} < oo. Therefore, E X t for each t > 
sup{|2|/|a;| r : (z,x) E H}. Then X c = \~] c<t<00 X t ^ 0, since X t C X q 
for each < t < q and X t ^ for each t > c. Put R := sup{|a;| r : 
(z,x) E H for some z}. Consider y,z E X c , a E K with \a\ < 1, then 
(a, q) E H implies \ay + (1 — a)z — a\ < max(|a| \y — a\, |1 — a\\z — a\), but 
max(|a|, |1 — a\) < 1, hence \ay+(l — a)z — a\ < \q\ r c and ay+ (1 — a)z E X c . 
Subjecting K n to a translation we can suppose without loss of generality 
that E X c . If z E K n and \z\ = 1, then 1 7r s ^| > for each s E Z. We 
have n s z E X c if and only if \ir s z — a\ < \x\ r c for each (a, x) E H, but 
\a\ < \x\ r c, since E X c . Thus ir s z E X c if and only if 1 7r s ^r | < \x\ r c for 
each (z,x) E H, which is equivalent to |7r s | < \x\ r c for each (a,x) E H and 
in its turn this is equivalent to |7r s | < c(inf( z ^ eH \x\) r . Then there exists 
so £ Z such that |7r s | < c^mi^^u \ x \) r for each s > s , s E Z. We have 
H fl {(z,x) : \z\ = \x\ r c} 7^ 0, hence A q ^ 0, where q = after translation. 
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8. Theorem. If S is a subset in K m and f : S — > K™ is a lipschitzian 
function with constants < Lipi(f) := C < oo and < Lip 2 (f) :—r<l: 

(1) (/(^-/(^C^-yr/oreac/^eS, 
£/ien / has a lipschitzian extension g : K m — > K swc/i that Lip 1 (/) = Lipx (g) 
and Lip 2 (f) = Lip 2 (g), where n, m G N. 

Proof. With the help of transformation / i— > c/, where ^ c G K we 
can suppose that < Lipi(f) =: b < 1. Consider a class \& of all lipschitzian 
extensions /j of / on some subset 7} of K m having the same constants C, r. 
Then \1> is partially ordered (/i,Ti) ^ (f2,T 2 ) if Ti C T 2 and /il^ = /^liv 
Each linearly ordered subset $ in \I/ has a maximal element (/i, T): = fj, 
(fj, Tj) ^ (h, T) for each (fj, Tj) G $, where T D Uj 7}, since for each Tj, T*. 
there is the inequality j -< k if and only if 7} C T fc and = fk\r - in view 
of the Kuratowski-Zorn lemma [5] there exists a maximal element (g, T) in 
: T — > K n , where T C K m . It is sufficient to show, that if there exists 
z G K m \T, then there exists y G K n such that \y — g(x)\ < b\z — x\ r for every 
x G T, consequently, g U {(z, y)} G ^ and (g, T) would not be maximal in 
Thus we must prove, that fixer -B(K n , b\x — z| r ) 7^ 0. These balls are 
compact, hence it is sufficient to prove that C] xeF B(K n , g(x), b\x — z\ r ) 7^ 
for each finite subset F in T. Take X c from Lemma 7 and q G X c , then 
\q — g(xi)\ = \xi — x\ r c for % = l,...,k, g(xi) G A q , where 1 < k G Z, 
(g,x) G if. We will show that q G X b . If < c < 6, then g G X c C X 6 . 
If c > 6, then |g — </(:rj)| > |xj — x\ r b for each Xj, that is impossible by the 
supposition of this theorem. 

If x is a limit point in T, then take a sequence {x n : n} such that 
lim n ^oo x n = x and q = lim^oo g(x n ), since g is continuous on T and {g(£n) : 
n} is the Cauchy net in K, but the latter uniform space is complete, because 
K is a locally compact field. Then \q — g(y)\ = lim n ^oo \g(x n ) — g(y)\ < 
olim^oo \x n — y\ r = b\x — y\ r for each y G T. Thus T is the closed subset 
in K m , hence K m \ T is open. Suppose that v G K m \ T, then there exists 
5 := inf^T \v — x\ > 0. Take 5 < R < 00, then T H -B(K, x ? -R) is compact, 
where x G T is a marked point. Therefore, there exists v G T such that 
|i> — t>o| = 5- 

We have that g(T) is locally compact and closed in K m and \g(x) — 
g{y)\ < b\x — w| r for each x,y G T, consequently, _B(K m , o|:r — w| r ) = 
5(K m , <?(?/), b\x — y\ r ) for each x,y G T. If |y — v\ > \x — v\, then \x — 
y\ = \y-v\, consequently, B(K m , g(y), b\y — v\ r ) = B(K m , g(y), b\x — y\ r ) = 
B(K m , g(x), b\x - y\ r ) D B(K m , g{x), b\x - v\ r ), hence 
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f] xeT B(K m , g(x), b\x -v\ r )D fW,|^|=K-l 5 ( K ™ 9^), b\x -v\ r ). 
On the other hand, \g{vo) — g(x)\ < b\vo — x\ r < 6max(|x — v\ r , \vo — 
v\ r ) = b\v — v\ r for \x — v\ = \v — v\. Therefore, B(K m , g(x), b\x — 
v\ r ) = B(K m , g(v ), b\v - v\ r ) and inevitably f) x&T B(K m , g(x), b\x - v\ r ) D 
B(K m , g(v ), b\v — v \ r ) ^ 0, since the valuation of K is non trivial and 
lim^oo |7r| fc = 0. 

9. Theorem. Let U be an open subset in K and let also g : U — > K be 
a locally lipschitzian function such that for each x G U there exist constants 
< C < oo and 5 > and < r < 1 with 

(1) \g(x) — g(y)\ < C\x — y\ r for each max(|x — xq\, \y — x \) < 5, x,y e U . 
Then ^ 1 g(x; v; t) is continuous for fi 3 -almost all points in and dg(x) / dx = 
<^ 1 g(x; 1; 0) exists and is continuous for fi- almost all points of U. 

Proof. The function g is locally lipschitzian, hence it is continuous. 
On the other hand, the Haar measure fi m on K m is Radon, that is by the 
definition it satisfies the following three conditions: 

(2) if J is a compact subset of K, then fi m (J) < oo; 

(3) if V is open in K, then /i m (V) = sup{;U m (J) : J is compact , J C V}; 

(4) if A is a /immeasurable subset, A C K, then fx m (A) := M{/j, m (V) : 
V is open , A C V}. 

In view of approximation Theorem 2.2.5 [6] for each /immeasurable subset 
A in K m with fi m (A) < oo and e > there exists a compact subset J C A 
such that fi m (A \ J) < e. If £ is a subset in of discontinuity of <l 1 (? 
and V is a subset of discontinuity of dg{x)/dx in [/, then it is sufficient to 
demonstrate, that fi 3 (S n C/^) = and fi(V n C/ R , e ) = for each < R < oo 
and e > 0, where is a subset in [/ nB(K, 0, R) such that fi(U\U^ t ) < e, 
since /i 3 ((£/ (1) \ C/JJ) n fi(K 3 , 0, < 3i? 2 e + 3i?e 2 + e 3 . For each compact 
set Ur >€ the covering B(K, xq, 5) with 5 = 5(xq) > has a finite subcovering, 
hence there exist C = sup a . o6f7jJe C(x ) < oo and < r = inf X()g [/ fle r(xo) < 1 
for which Inequality (1) is satisfied for each x, y G U^ t . Consider a restriction 
g\u Rt i then by Theorem 8 it has a lipschitzian extension g Rt on K with the 
same constants < C < oo and < r < 1. Therefore, it is sufficient to prove 
this theorem for a clopen compact subset U in K which is supposed in the 
proof below. 

Since the mapping x y— > x + vt is continuous by (x, t> ,t) G K 3 and /i 3 is 
the Haar measure on K 3 such that /i 3 has not any atoms, then 5 >1 (/(a;; v; i) = 
[g(x + vt) — g(x)]/t is continuous for /^-almost all points in if and only 
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if [g(x) — g(y)]/[x — y] is continuous for /i 2 -almost all points of K 2 . 
Consider the following relation 

V := {(x, S) : S is a compact clopen subset in K. m ,x G 5}, where m G 
N. Verify that V is the [i m Vitaly relation. Indeed, 

(1) V is a covering relation, that is a subset of {(x, S) : x G S C K m }; 

(2) V C £(K m ); 

(3) for each < R < oo and each y G K m the ball B(K m ,y,R) belongs 
to V, hence inf{diam(5') : (x, 5") 6^} = for each x G K m , consequently, 
V is fine at each point of K m ; 

(4) K m is locally compact separable and with a countable base of its 
topology consisting of clopen balls. Thus if W C V and Z C K m and 

is fine at each point z G Z, then W(Z) has a countable disjoint subfamily 
covering almost all of Z. Indeed, W(Z) gives a base of topology inherited 
from K m . This base is countable, hence Z C Ujli^j, where each C/j is a 
clopen compact in K m . Recall that a measure z/ G A4(X) is called regular, 
if for each A d X there exists a //-measurable subset G in X such that 
icG and v(A) = v(G). With arbitrary measure v one associates a regular 
measure by the formula \(A) := mi{u(G) : A C G and G is z/- measurable} 
(see Section 2.1.5 and the Lusin's Theorem 2.3.5 [6]). Put V\ = U\ and Vj = 
Uj\\Ji<j Ui, then ViC\Vj — for each i 7^ j. Since /i m is regular, then for each 
Vj there exists a finite subfamily M4j G such that /i m (V^ \Ufc=i Wfcj) < e j> 
where n = n(ej,j) G N, M4j C V,-, W^j n W^j = for each fc ^ I. Choose 
€j = e\ir\ j and let e > tend to zero. Thus \J k j Wkj covers almost all of Z, 

since 0<fi\Z\ U j)fc W fcJ ) < lim <^ Ej ^{V 3 \ [f k tf W kJ ) = 0. 

Since the field K is locally compact, then there exists a generator \n\ 
of the valuation group Tk such that \x\ = for each x G K, where 

|x| = mod^x) is the multiplicative norm in K, while v(x) = Vk_(x) G Z is 
called the valuation function or valuation [18, 19, 22]. For the first statement 
of the theorem it is sufficient to prove, that the \i 2 measure of the set 

A '■= {(x,y) G U 2 : \im. (xuyi) ^ {x ^ ) [g{x l ) - g{y 1 )\/[x 1 - y x ] 
either does not exist or is not equal to [g(x) — g(y)]/[x — y]} 
is zero, since fi 2 {(x,x) : x G K} = 0. Since g is the lipschitzian function and 

\g{xi) - g(yi)]/[xi - yi] - [g(x) - g{y)]/[x - y] = [(^(xi) - g(yi))((x - 
y) - (si -yi)) + {(g(xi) - g(yi)) - (g(x) -g{y)))(xi - yi)]/[(xi - yi) (x - y)], 

then 

(5) I [g(xi) - g(yi)]/[xi - yi] - [g(x) - g(y)]/[x - y}\ < Cmax(]xi - 
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yi| r max(|xi-z|, \y ± -y\), |zi-yi| max(\x 1 -x\ r , \y ± -y\ r ))/[\x 1 -yi\\x-y\]. 
Under suitable affine mapping q(x) := a(x — x ) the image of U is contained 
in B(K, 0, 1 7T | ) , where ^ a G K, x G K, so without restriction of generality 
suppose that U C B(K, 0, |7r|), since is almost everywhere continuous on 
if and only if o q^ 1 is such on (q^U))^. Consider the sets 

(6) Ai^k := {(x, y) G U 2 : \x—y\ = \ir\ l , there exists (x 1 ,yi) G U 2 such that 
max(|xi-x|, \yi-y\) < \n\ k , \[g(x 1 )-g(y 1 )]/(x 1 -y 1 )-[g(x)-g(y)]/(x-y)\ > 

where I, n, k G N. We have [J?((x, y) G K 2 : \x—y\ = y G B(K, y , |7r| s )) = 
( j vr j * — |7r| i+1 )|7r| s for each /, s G N. If \x—y\ = \x±— y±\ > max.(\xi—x\, \yi—y\), 
then from (5) it follows, that \ [g(xi) - g(y 1 )\/[xi-y 1 \-[g{x) - g(y)\/[x-y\\ < 
C max(|:r — y\^ r ~ 2 ^ max(|xi — x\, \yi — y\), \x — y\~ l max(|a;i — x\ r , \yi — y\ r ))- 
Choose k G N sufficiently large, k > m , such that C max[|7r| fc+(r ~ 2 ^, |7r| rfe_i ] < 
|7r| n , then ^{A^) = 0, since fi 2 {A ltntk n {y G B(K,y , = for each 

yo G K, where m = mo (7) G N. Let Iq G N be a large number, take 
mo = mo(lo) such that Iq tends to the infinity if and only if mo tends to the 
infinity, then /x 2 (lC=i U, fc > mo U£i A l>n>k ) < E£, (M ,+1 - |tt|<+ 2 ) = |tt|<° +1 , 
since B(K,0, \ {0} = \JZii x e K : \x\ = |tt|'} and //({0}) = 0, 
consequently, /i 2 (U^°=i Dm=i U, fc > m U~i An,fc) < k|' 0+1 , where l is arbi- 
trary large. Therefore, /i 2 (U~=i H~=i U,fc> m U/=i A",*) = 0, consequently, 
/i 2 (^4.) = 0, since due to (6) 

A C {(x, y) G £/ 2 : there exists a sequence (x m ,y m ) G £/ 2 such that 
lim m ^ 00 (x m ,2/ m ) = (x,y),nm m ^ 00 |[^(x m )-^(y m )]/[a; m -y m ]-[^(a;)-^(y)]/[a;- 
y]| > M» for some n G N} C (U~=i H™=i U, fc > m U~i An,*)- 
Thus [<?(x) — — y) is /i 2 -almost everywhere continuous on U 2 . 

Now prove the second statement, for this mention that the set A is sym- 
metric relative to the transposition (x,y) 1— > (y,x). We have that [^(x) — 
gi(y)]/(x — y) is continuous for /i 2 -almost all (x,y) G £/ 2 , hence on every- 
where dense subset in U 2 . It is sufficient to show that the \x measure of the 
set C := {x G U : Km^yj^rflgfa) - g(y 1 )]/[x 1 - y x ] 

either does not exist or is not equal to lim y _ iX [g(x) — g(y)]/[x — y] 

or the latter limit does not exist } 
is zero. For this consider the sets 

(7) Ei ;n>k :— {x G U : there exist y G U and G U 2 such that 
\x-y\ = |7r|',max(|xi-x|, \yi~y\) < \n\ k , |[#(xi) -ff(?/i)]/(a;i -y x ) - [g{x) - 
g(y)]/(x-y)\ > |tt|"}, 

where l,n, k G N. There exists m G N such that for each k > m there is 
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satisfied the inequality Cmax[|7r| fc+ ( r_2 ^, |7r| rfc ~'] < |7r| n , hence n(Ei >n ^) = 
for such k, since fj}(Ei trii k H {y G B(K,y , |7r| J )}) = for each y G K. For 
l c 6N take m = ^o(^o) such that / tends to the infinity if and only if m 
tends to the infinity, then 

MU^ =1 U M > m U M >/ ^,n, fc ) < ZZiM 1 - = M' ' consequently 

^(U^n^iUfc^n^iUi,^^) < k| ,() , where l is arbitrary large. 
Therefore, /i(U^°=i D~=i U k ,k>m Pi? =1 \Ji,i>, Ei,n,k) = 0, consequently, fi(C) = 
0, since in view of (7) 

C C {x G U : there exists a sequence (z m ,x m ,y m ) G £/ 3 such that 
lim m ^ 00 (z m ,x m ,|/ m ) = (x,x,y),\im m _ >oc \[g(x m )-g(y m )]/[x m -y m ]-[g(x)- 
g(z m )]/[x-z m ]\ > \ir\ n for some n G N} C (IT =1 D~=i U*,k>m fT=i U M > S E l>n>k ). 
Therefore, dg{x)jdx exists and is //-almost everywhere continuous on U. 

10. Lemma. If S is a /i m (g>/i fc measurable subset of~K m x K fc 7 e > and 
5 > and T := {x G K m : fj, k ({z : (x, z) G 5, |z| < i?}) < eR k }, whenever 
< R < 5, then T is fi m measurable. 

Proof. For each < R < oo the set Sr := S H {(x, z) : |z| < i?} is 
/i m (g) /i fc measurable and by the Fubini theorem /x fc ({z : (x, z) G S^}) is the 
fx m measurable function of the variable x, hence T is fj, m measurable, since 
T = {x G K m : : (x, 2) G S R }) < eR k }. 

11. Lemma. // a function : K m x K fc — > R is /i m <g> measurable, 
then ap\im z ^ (f)(x, z) and aphm z ^ (p(x, z) are ji m measurable functions of the 
variable x. 

Proof. For each c G R applying Lemma 10 to the sets {(x, z) : 0(x, z) > 
c} and {(x, z) : 0(x, z) < c} we get the statement of this lemma. 

12. Lemma. If u : K n — > K m zs a K.-linear epimorphism and A is a fi m 
measurable set, then u^ 1 {A) is fi n measurable. 

Proof. This follows from the fact that there exists a K-linear isomor- 
phism v : K™ — > K m x K"" m such that u o u~\A) = A x K n ~ m . 

13. Lemma. // a function g : K m — > K is fi m measurable and 1 < 
k < m, then the [i k approximate limit is aplim z ^ g( ix + iz, &x + 

^-2, fc+i^, • m^) = g( x ) for /i m almost all x. 

Proof. There exists the isomorphism v : K m — > K fe x K m_fe . Put 
/i(x, y, 2;) = (x + z, y), where /i : K k x K m ~ fe x K k — ► K fe x K m_fe . In view of 
Lemma 12 the composite function g o h is fi k x fi m ~ k x /i fc measurable. From 
Lemma 11 it follows, that A := {(x, y) : aplim 2 ^ g(x + z, y) = g(x,y)} is 
fi k <S> fi m ~ k measurable. 

Theorem 2.9.13 [6] states that if a function / maps v almost all of X 
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into Y, where (X, px) is a metric space, (Y, py) is a separable metric space, 
then / is v measurable if and only if / is approximately (v, V) continuous at 
almost all points of X. 

In accordance with the latter theorem and the Fubini theorem the func- 
tion g(x,y) is p, k measurable by x for p m ~ k almost all y and p, k ({x : (x,y) ^ 
A}) = and the complement of A has fi k measure zero. 

14. Corollary. If A is p, m measurable set in K m and 1 < k < m, then 
for fi m almost all y G A the set K fc fl {x : ( ix, kX, k+W, m y) 4- ^} 
has zero p, k density at ( iy, klj)- 

Proof. This follows from Lemma 13 for the characteristic function g = 
cHa, where chA{y) = 1 for each y G A, chA{y) = for each y G K m \ A. 

15. Theorem. // / : K m — > K n is p, m measurable, then A; L := 
dom apDif is a ji m measurable set, Vi := dom ap i )1 /(x; e^; t) zs a /i m+1 mea- 
surable set such that p, m+1 (K m+1 \Vi) = 0, moreover, ap Dif and ap ^ f(x; e^t) 
are p m \A i an d /i m+1 |v i measurable functions respectively, 

(1) ap $ l f(x]V]t) = vi ap ^ 1 f(x + e 2 v 2 + ... + e m v m ;e 1 ;v 1 t)+v 2 ap $ 1 f(x + 
e 3 v 2 + ... + e m v m ; e 2 ; v 2 t) + ... + v m ap $ l f(x] e m ; v m t) 

for fi m+1 almost all points (x,t) in V := f|^i Vi an d each v = v\C\ + ... + 

(2) ap Df(x).V = Zr=lVi apDif{x)) 

for fi m almost all points x in A := P|™i Ai and each v G K m . 

Proof. Since / = (f±, /„), where fj : K m — > K, then <iom ap ^ 1 f(x; ef, t) = 
f]] =1 dom ap&fjfaei-jt) and dom ap D, L f = f)™ =1 dom ap Difj for each i = 
1, ...,m, consequently, it is sufficient to prove this theorem for n = 1. Thus 
suppose that n = 1. 

In accordance with Theorem 2.9.13 [6] (see its formulation in section 13) 
the function v; t) is approximately continuous on K m xK m x (K\{0}), 

since [f(x + vt) - f(x)]/t is p, 2m+1 measurable on K m xK m x(K\ {0}) and 
inevitably /i m+1 (K m+1 \ VA = 0, since M{0}) = °- Therefore, Formula 
(1) is satisfied for p m+1 almost all points (x;t) in V, where p m+1 (K m+1 \ 
V) = 0. So it remains to spread this for t — 0, but ap $ 1 /(a;; f ; 0) = 
ap\im t ^ ^ 1 f(x;v;t) = ap Df(x).v and the proof of this theorem reduces 
to the proof of its statement relative to ap Df(x). 

The set A^ is p, m measurable if and only if its complement K m \ A { is p, m 
measurable. But K m \A, t = [JT=i Pli,i> s Id n fc)fc >« U~ i E lAq , where : = 
{x G K m : there exist ti,t 2 G K such that max(|ii|, \t 2 \) = \n\ k , \ti — t 2 \ = 
ap ^ 1 f(x;e i ;t 1 )- ap $ l f{x; ei ;t 2 )\ > \n\ q or | ap&f ix; ef, h)\ > | ?r | <7 >- 
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Each set Ei^, q is fi m measurable, since /i m+1 (K m+1 \Vi) = and due to 
Lemma 10, hence Ai is //" measurable for each % — 1, ...,m. 

Put T^(x) := {t G K : |t| < R, \f( x+tei )-f(x)-t ap DJ(x)\ > \t\\n\*} 
and B iJtq := A,n{jeK m : n(T R ^(x)) < R\n\m < R < \7r\ q }, whenever 
x G K m , < R < oo, g G N. For % > 1 denote Z R>itjiq (x) := {z G 
K* _1 : \z\ < R, either x + \Zt\ + ... + j_izej_i ^ -£>tj,g or I a P B>if(x + 
izei + ...+ i-izei-i) — ap Dif(x)\ > R]^}, also introduce the sets Q,j, g ,fc : = 
Sij,, D {a; : ^(Z^^x)) < i^vrpVO < R < \n\ k } for k G N and 
i > 1, in particular, C\^^ '■— B\ dA for each k. In view of Lemmas 10 and 
13 Bij tq and Cij tQt k are /i m measurable and Ai = \J q *L 1 B i j tq for each 
moreover, fi m (B id>q \ \Jk=iQj,q,k) = for each (i,j,q), also B id>q C B idtq+1 
and Cij t g t k C Cjj^fc+i. For a subset 5 in D™i A with fi m (S) < oo and every 
e > there exist sequences {g 3 - : J 6 N} and : j G N} of natural numbers 
such that /j, m (S \ B iJtq .) < e\ir\ j and /j, m (S n \ C i:jtqjikj ) < e\n\ j for 

i = l,...,m and j G N, consequently, fi m (S\G) < 2|vr j (1 — |7r|) _1 me, where 

G :— fl™i n^li Ci,j,qj,kj- 

We will demonstrate that / is uniformly approximately differentiate at 
the points of G. Consider x G G, j G N and < R < min(|7r|*, \n\ kj ), Si : = 
{v G K m : \v\ < R and either i > 1 and i>i_i) G Z R ^j Aj {x) or t>j G 

7i?,jj(x + t'iei + ... +Wi_iej_i)}, where i = l,...,m. Since ii % ~ x {Z R ^ qj {x)) < 
i? i_1 |7rp and since /i(T R;i j(x)) < R\Tr\ j for z = x+v ie 1 + ...+v i -ie i -i G B it j iqj , 
then // m (^) < i^-VP'# m ~ m + = 2R m \7r\i . live B(K m ,0,R)\ 

Si, then Ifix + v^i + ... + 1^) - /(x + i>iei + ... + ^-ie;_i) - v { ap Dif(x)\ < 
max(|^||7rp, \vi ap Dif(x + v x e x + ... + v^i-x) ~ Vi ap Dif(x)\) < H|vrp. 
Putting S : = U™i Si we get ^ m (S)R~ m < 2m\ir\ j and the inclusion v G 
B(K m ,0,R)\S implies that |/( a: + u )-/(x)-E™iUi a P A/(z)| < kp'max^ | Vi 

|7Tp|l>|. 

16. Lemma. Let S C A C K m ; /:A->K n , 0<.R<oo, 0<C<oo 
and z G 5 implies B(K m , z, R) C A — < C|x — z\ for each 

x G B(K m , z, R). Suppose also that y G S , K m \ S has fi m density at each 
z G U y for some (open) neighborhood U y of y in K m and f is approximately 
differentiable at y. Then f is differentiable at y such that ^ 1 f(y;v;t) is 
continuous on (U y fl A)^ for some neighborhood U y of y in K m . 

Proof. Suppose that L = ap Df(y), < e < 1, < 5 < R and put 
W := Sf]{z : \f( z )-f{y)-L{z-y)\ < e\z-y\} and fx m (B(K m , y, q) \ W) < 
e m R m for each < q < 5, q G T K . For x G B(K m , y, 5) take q = \x — y\ and 
mention that B(K m , x, q) = B(K m , y, q), also W fl B(K m , x, q) ^ 0. Choose 
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z G B(K m , x, eg) fl W, hence x G B(K m , z, eg) C B(K m , z, R), consequently, 
^ (1) |/(:r) - f(y) - L(x - y)\ < max(|/(*) - /(y) - L(z - y)|, - 

x)|) < max(e\z—y\,C\x—z\, \\L\\\x—z\) < e max(|x— y\, Cq, \\L\\q) = 
e\x — y\ max(l, C, \\L\\), since \z — y\ < max(|,2 — x\, \x — y\) < \x — y\ — q. 
From the arbitrariness of < e < 1 it follows, that there exists L = Df(y). 
From Inequality (1) we have 

(2) \&f(y;v;t)-Lv\ < e max(l, C, ||L||) 
for all v = x — y, x G B(~K m , y, 5), consequently, 

(3) lim t ^o ^fiy'i v; i) = Lv uniformly by x G B(K m ,y,5), 

since e > is arbitrary small. From the existence of Df(y) it follows that / 
is continuous at y. The condition K m \ S has fi m density at each z G U y 
implies that S is everywhere dense in U y for some neighborhood U y of y. Then 
\f(y + xh) - f(y + vt 2 )\ < max(|/(j/ + xt x ) - f(z)\, \f(z) - f(y + vt 2 )\) < 
C maxQz — y — xt\\, \z — y — v t 2 \) for each z G S, where y + xt±,y + vt 2 G A, 
B(K. m , z,R) C A and max(|,2 — y — xt±\, \z — y — vt 2 \) can be chosen equal to 
\xt\— vt 2 \, since Tk is discrete in (0, oo) and S is dense in U y . Thus v; t) 

is continuous on n \ {(y;v;t) : K m 3 v ^ 0,K 3 t ^ 0}). Together 
with (3) this gives the continuity of v; t) on (U y fl A)^\ 

17. Theorem. /// : K m — > K n a locally lip schitzian function such 
that for each x G K m i/iere exist constants < C < oo and 5 > and 
< r < 1 with 

(1) |(?(^) — (?(y)| < C\x— y\ r for each max( | x—x 1, |y— rr |) < 8, x,V £ K m . 
T/ien / zs differ entiable at ji m almost all points of K m on a subset G and 
^ 1 f(x;v;t) zs continuous at ji 2m+l almost all points of~K 2m+1 on a subset Vq 
such that for each e > there exists a closed subset G t in G with ii m {G\G e ) < 
e and Df is continuous on G e and G^ C Vq. 

Proof. Let the sets A^ and Vi be the same as in Theorem 15. For x G K m 
consider the map f x (h) := /( ix, i-±x, h, i+ix, m x) for any h G K, so 
it is locally lipschitzian. In accordance with Theorem 9 $ 1 / a; (/i; w; t) is contin- 
uous for /i 3 almost every (h; w; t) G K 3 and df x {h)/dh is \x almost everywhere 
continuous by h on K for each marked point ( iX, i-\X, i+±x, m x) G 
K" 1 ^ 1 . Since Ai is fi m measurable and Vi is fi 2m+l measurable, then n m (K m \ 
At) = and /i 2m+1 (K 2m+1 \ VJ) = and inevitably /i m (K m \ G) = and 
/i 2m+1 (K 2m+1 \ \/)_ = 0, where G := f^iA and V = fl™ i Thus /| G 
is differentiable, f ; t)|y is yU 2m+1 measurable. On the other hand, 

(K 2m+1 \ K 2m x {0}) C V, since / is continuous on K m and so ^ 1 f(x;v;t) 
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is continuous on (K 2m+1 \ K 2m x {0}), consequently, is contin- 

uous by each triple ( jx; jv; t) and /i 2m+1 measurable on G (1) , G (1) C V, 
/ u 2m+1 (K 2m+1 \ G (1) ) = 0, since /i m (K m \ G) = 0. 

The Lusin Theorem 2.3.5 [6] asserts: if is a Borel regular nonnegative 
measure over a metric space X (or a Radon measure over a locally compact 
Hausdorff space X), if / is a measurable function with values in a separable 
metric space Y, A is a measurable set for which 0(A) < oo, and e > 0, 
then A contains a closed (compact) set G such that <f>(A \ C) < e and f\c is 
continuous. 

In view of the Lusin theorem for each e > and each < R < oo 
and ( 6 G there exists a compact subset E C (G H -B(K m , £, i?)) such that 
/i m ((Gfli?(K m , £, < e and Df\ E is continuous, hence ^/(rr; v; t)\ EW 

is continuous. Therefore, the restriction of / on E is lipschitzian with 
Lip 2 (f\ E ) = 1. In view of Theorem 8 there exists an extension g E on K m of 
f\ E with Lip^gs) = Lipi(f\ E ) and Lip 2 (g E ) = 1. 

Take in Lemma 16 «S = -E and A = K m . Therefore, is different iable at 
fi m almost all points of K m and ^ x g E {x] v; t) is continuous at ji 2m+1 almost 
all points of K 2m+1 . Since ( e G, < i? < oo and e > are arbitrary, we 
can take a disjoint covering B(~K m , i?j), i?., > 1, of G and E i: j C [(G n 
£?(K m , 0, \ U,i« such that /i m ((G n B(K m , R,)) \ (UjLi < 
j^ji+j+fe^ w h ere A; e N is some large fixed number, i,j e N, Eqj := 0. 
Then consider G \ Uj=i Ui=i an d continue this construction by induction. 
The family of restrictions /Ie^ generates the function /Id, where Gi = 
U> , /•-',., and /i m (G \ G ± ) = 0. Since E id C [S(K™, fc, \ U M<i ^j], 
each is compact and each [_B(K m , £j, Rj)) \ \J u<i Eij] is open in K m 
and S(k ro ,^,i2j) n B(K m , £ 9 , R q ) = for each q ^ j,' then take G £ := 
U£Li Ufi? ^m, where n(j) e N is a sequence such that J2°° =1 \-n\<i)+i+ k < e . 
Each n(j) is finite and Uii'i'' Eij is closed, hence UjLi U7=i Eij is closed in 
K m and inevitably D/ is continuous on G e such that G^ C Vo- 

18. Lemma. If A is a fi m -measurable subset in K m and f : A — > K n 

locally lipschitzian, then f has fi 2m+1 -everywhere in A^ an approximate 
partial difference quotient f(x;v;t) and <& l f(x;ei]t) for fi m+1 almost all 
points (x; e$; £) o/ (A x {e^} x K) fl A^ 1 ^ and /i m -almost everywhere on A an ap- 
proximate differential Df{x) and approximate partial differentials Djf(x) = 
df(x)/d jx. 

Proof. In accordance with Theorem 8 and the proof of Theorem 9 for 
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each e > and < R < oo the function f\A Re has a lipschitzian extension 
g : K m — > K n such that g has the same lipschitzian constants < C < oo 
and < r < 1, where A R>€ is a compact subset in A n P(K m ,0,P) such 
that /i m (A n P(K m , 0, P) \ A^e) < e. From Theorem 17 it follows that g has 
and Dg at fi 2m+1 and /i m almost all points of and A respectively. 
Recall that one say that B is a hull of A if and only ifAcPcX,Pis0 
measurable and 4>(TnA) = 0(TflP) for every measurable subset T, where 
is a measure over X. Theorem 2.9.11 [6] states that if A C X and P = {x : 
(y)lim 5 ^0(SnA)/0(S) = 1}, Q = {x : (y)lim 5 _ >:c 0( ( 5\ A)/<f>(S) = 0}, 
then P and Q are measurable, (f>(A \ P) = 0, A U P is a hull of A, 
0(<5 \ -A) = 0, X \ (A fl Q) is a hull of X \ A. Moreover, measurability of 
A is equivalent to each of the two conditions: 0(P \ A) — 0, (f>(A \ Q) — 0. 

In view of this theorem K 2m+1 \ and K m \ A have zero densities at 
/i 2m+1 and fi m almost all points of A^ and A respectively. At points where 
both conditions hold there are a p^ l Q and ap Dg. By Corollary 14 we have 
Dig(x) = ap Dig(x) and § l g(x\ ef, t) = ap Q l g(x\ e^; t) for //" almost all x G A 
and // m+1 almost all points (x; e^; t) of (A x {e^} x K) fl A^ correspondingly. 
From combinatorial Formulas 15(1, 2) we get, that / has /i 2m+1 -everywhere in 
A^ an approximate partial difference quotient ap Q l f{x\ v; t) and /i m -almost 
everywhere on A an approximate differential ap Df(x). 

19. Theorem. If A C K m , m, n G N, / : A — > K™ and /or eac/i t/Gi 
i/iere exzsi <5 = > and < r = r(y) < 1 snc/i that ap\im x ^ z \f(x) — 
f(z)\/\x — z\ r < oo whenever z G A and \z — y\ < 5, then A = \Jj €A Ej, where 
card(A) < K 0; such that the restriction of f to each Ej is lipschitzian; more- 
over, f is approximately differentiable such that there exist ap $ 1 /(a:; v; t) and 
apDf(x) for /i 2m+1 almost all points (x; v; t) of A^ and fi m almost all points 
x of A correspondingly. 

Proof. From the supposition of this theorem there follows that the den- 
sity of K m \ A is zero and / is approximately continuous at each point of A. 
Therefore, A is fi m measurable and / is fi m \A measurable in accordance with 
Theorems 2.9.11 and 2.9.13 [6]. Denote Qrj(z) := B(K m ,z,R) n {x : x (£ 
A or \f(x)—f(z)\ > | -7T | J j re — z\ r } for < R < 8(y) and z G A with \y—z\ < 
5 = S(y) provided by the conditions of this theorem, < R G T K , j G N. 
Each set Ej := An{z : fi m (Q RJ (z)) < R m /2 for < R < is fi m measur- 
able in accordance with Lemma 10 and A = UjLi Ej- li R — \x — z\ < S(y), 
then /j, rn (Q Rd (z) U Q RJ (x)) < R m = /i m (P(K m , z, R) n B(K m ,x,R)), since 
B(K m ,z,R) = P(K"\x,P). Choosing w G B(K m , z, R)\(Q R:J (x)UQ R:J (z)) 
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we get \f(x) - f(z)\ < max(|/(x) - f(w)\, \f(w) - f(z)\) < |vrp max(> - 
w\ r , \w— z\ r ) < \ir\i\x—z\ r . Therefore, if x, z G Ej and \x—z\ < < R, then 

f(z)\ < \7r\~ j \x— z\ r , since A is everywhere dense in K m . Then each 
is of diameter less than |7rp', j G N. Each restriction f\ E . is lipschitzian and 
Lemma 18 gives that f\ Ej is approximately differentiable, hence / has fi 2m+1 - 
everywhere in an approximate partial difference quotient v; t) and 

e»; t) for /i m+1 almost all points (x; t) of (A x {ej} x K) n and 
/i m -almost everywhere on A an approximate differential Df(x) and approx- 
imate partial differentials Djf(x) = df(x)/d jx. 

20. Theorem. If A C W C K m , m,n G N, W is open, A is fi m 
measurable, f : W — > K n and for each y G A there exist S = S(y) > and 
< r = r(y) < 1 snc/i i/ioi ftm x -> z \f(x) — — z| r < oo whenever z <E A 
and \z — y\ < S, then f is differentiable such that there exist $ 1 f(x;v;t) and 
Df(x) for fi 2m+1 almost all points (x;v;t) of := {(x;v;t) : x G A,v G 
K m , t G K, x + v t G W^} and /i m almost all points x of A respectively. 

Proof. The field K is locally compact with the non archimedean mul- 
tiplicative norm, hence A has a countable covering by balls B(K m ,yj,Sj) 
contained in W, where yj G A, Sj := S(yj). Therefore, A is contained 
in the countable union of the subsets Ej := W fl {z : \f(x) — f(z)\ < 
In^lx — z\ r for x, z G B(K m , y u Si) and 1 7rp < 5j for some i G N}. Sup- 
pose that there exists a sequence Q G £j converging to z G K m as / tends 
to the infinity Take x G B(K m ,z, \n\ j ) C 5(K m , ^, There exists l G N 
such that {^,a;} C 5(K m ,0, |vrp) C W for each / > Z , hence < 

max(|/(x)-/(0)|,|/(^)-/(0)l) < |7rKmax(|x-0r,k-0| r ) < kP>-^| r , 
consequently, z & Ej. Thus each £^ is closed in K m . Each is of diameter 

not greater, than Si with the corresponding % and f\ Ej is lipschitzian. In view 
of Theorems 2.9.11 [6] and 19 above the function f\ E is approximately differ- 
entiable such that there exist ap $ 1 /(a;; v ; t) and ap Df(x) for fi 2m+1 almost 
all points (x; v; t) of W E ^ and jj, m almost all points x of Ej correspondingly, 
since for t ^ we have ap ^ 1 f(x; v; t) = [f(x + vt) — f(x)]/t, x + vt G W, 
x G Ej C A. Moreover, K m \ £j has zero density at each y G A. Then 
Theorem 8 and Lemma 16 provide that / is differentiable such that there 
exist ^ 1 f(x;v;t) and Df(x) for /i 2m+1 almost all points (x;v;t) of A^> and 
/i m almost all points rr of A respectively. 

21. Lemma. If G C V C K m , h : V -> K \ {0} Lispchitzian 
with r = Lip 2 (h) = 1, {B(K m , y, \h(y)\) : y <E G} is the disjoint family, 
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b > Lip-i(h), < a e T K , < (3 G T K , ba < 1 and bf3 < 1 and G x : = 
Gn{y: B(K m ,x,a\h(x)\)r)B(K m ,y,P\h(y)\) ^ 0} for x G V, then 

(1) [(l-bp)/(l + ba)\ < \h(x)\/\h(y)\ < [(l + 6/3)/(l-6a)] /or aZZ y G G x 
and 

(2) card{G x ) < [max(a, + 6a)/(l - 6/9))] m [(l + 6/3)/(l - 6a)] m . 
Proof. If y G G-r, then \h(x)—h(y)\ < b\x— y\ < bmax(a\h(x)\, /3\h(y)\) < 

b(a\h(x)\+P\h(y)\), hence (l-ba)\h(x)\ < (l + b(3)\h(y)\ and (l-b/3)\h(y)\ < 

(1 + ba)\h(x)\, since \x — z\\<™, > ||x|k™ — |z|k™|r for each x,z G K m . 

If y ^ g E G, then B(K m ,y, \h(y)\) n 5(K m , |%)|) = if and only 

if 1 2/ — | > m & x (\h(y)\,\h(g)\). Then |x — y\ < max(a\h(x)\, (3\h(y)\) < 

\h(x)\ max(a,/3(l+6a)/(l-6/3)), consequently, B(K m ,y, \h(y)\) C £(K m , x, 7|M^)I)> 

where 7 := max(a, + ba)/(l — 6/9)), hence card{G x ) [(1 — foo;) |/ (1 + 

W < £ y6G * IM2/)| m < + ba)/(l - b(3)) m \h(x)\ m , since G x C G and 

G is discrete, G x C £(K m , x, 7|/i(x)|). 

22. Theorem. Suppose Y is a normed vector space overK., A is a closed 
subset in K m and to each z G A there corresponds a polynomial function 
P z : K m — > y wjft degree deg(P z ) < k. Let also S C A and 5 > and 
p(S, 5) := sup 0<lx _ z ^ s . X;ZeS . j=0 ^ ;k \\&P x (z; v; t)-&P z (z; v; t)\\ c0(v u) x) \x- 

z\i~ k , where U z = B(K m , z, |7r|^), ( G N is a marked number, v = (i>i, ...,Vj), 
t = (t u ...,tj), := {(y; v 1: vf, t u ...,tj) : y G U,y + vtfx + ... + v j t j G 
U,v t G K m ,t, G K V* = V£') := {(y; ^, Vj ; t u G : 

G K m , |t> j| = 1, *i G K Vi = //" ^ m o<s^oP(S,5) = /or eac/j 

compact subset S of K. m , then there exists a map g : K m — > F 0/ c/ass C fc 
snc/i t/iat &g(z; v; t) = &P z (z; v; t) on for each j = 0, 1, k and z G A. 

Proof. Let T be a family of open subsets of K m . Take 6 = 1 7r | s ° for a 
marked natural number Sq. Let be a function on := UuefU such that 
hii(x) := 6sup{inf(l, dist(x, K m \T)) : T G -T 7 }. Since T K is discrete in (0, 00) 
and I * I is the continuous norm from K into T K U {0}, then hn(x) G T K U {0} 
for each x E W and /ir(x) is continuous, hence for each clopen or closed G 
in Tk U {0} its counter image h]^(G) is clopen or closed in W respectively. 
Therefore, W is the disjoint union of the closed set h]^(0) and the clopen 
subsets h~^~{u) while u G Tk, consequently, there exists a continuous function 
h : W — > K such that = hn(x) for each x G W, since /i^ is continuous. 

In accordance with Theorem 2.8.4 [6] if (X, p x ) is a metric space and F is 
a family of its closed subsets, 5 is a nonnegative bounded function on F and 
1 < r < 00, then F has a disjointed subfamily G such that for each T E F 
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there exists H E G with T n H ^ and 5(T) < t5(H). 

With each H E F it is possible to associate its 5, r enlargement H : = 
U{T : T E F,T D H ^ 0, 5(T) < rtf(if)}. Corollary 2.8.5 [6] states that 

In the considered here situation take F := {B(K m ,x,h R (x)) : x G 
jy}, 5 = diam, r = \7r\ si for a marked integer number si < 0. Choose 
G C W so that {B(K m ,y,h R (y)) : y G G} is disjoined, ^(y) > 0, and 
\J yeG B(K m ,y,h R (y)) = W, where s , Si are subordinated to the condi- 
tion |si| + 1 < so- Evidently G is countable. By Lemma 21 we get that 
x G W implies (1 - b(5)/{l + ba) < h R (x)/h R (y) < (1 + b(3)/{l - ba) for 
all y G G x . Taking a = = 6|tt| S2 we get [(1 - |7r| 2s ° +S2 )/(l + |7r| 2s ° +S2 ] < 
\h(x)\/\h(y)\ < [(1 + |tt| 2so+S2 )/(1 - |7r| 2s ° +S2 ] for every y G G x . Moreover, 
card{G x ) < |7r| S()+S2 [(l + |7r| 2so+S2 )/(l - IttI 2 ' ^ 2 )] 2 ™, where s > 1, s 2 > -1 
are integers. 

Consider the mapping w y (x) := ch R (K m ,o,i)((* E — y)/( n h(y)) for y G G, 
x G K m , where chp is the characteristic function of a subset P in K m . 
Therefore, suppw y = B(K m ,y, |7i7i(y)|). This function is of G°° class with 
finite C n norms for each n G N, since each &w y (x; v; t) is bounded on 
K m x s(K m ,0, l) j x for each j G N, where S(K m ,z,R) := {x G K m : 
|x — z| = i?} for i? G Tk, \x\ = max^L 1 1 jx\, x = ( ix, m x). Indeed, 
$ 1 c/ib(o;; t) = for x,x + ft G B or for \x\ > 1 and \x + ft| > 1, 
$ 1 c/ib(x; f ; t) = 1/t for |x| < 1 and \x + vt\ > 1 or |x| > 1 and |x + vt\ < 1, 
where -B = -B(K m ,0, 1). In the latter two cases \t\ > 1 for \v\ = 1. Con- 
tinuing by induction we get \&chB(K. m ,o,i)(%', v ',t)\ < 1 for each x G K m , 
v G S(K m ,0, l} 7 and t G K j , hence ^'^(x; £)| < 1 7r/i(2/) | for each 
(x;v;t) eK m x S(K m ,0,l) j xK j . 

Choose now Go C G with the additional condition that 

U, eGo 5(K™ y,|7r%)|)DWand 

B(K m , y, \nh(y)\) n 5(K™, <?, |tt%)|) = for each y ^ g E G 
and consider the function 0(x) := X^gg Then <fi G G°° and 4>(x)\w = 

1 for each x G W. Thus the family of functions {w y (x) : y G Go} constitute 
the partition of unity on W associated with the family T . They are of class 
G°° and their supports form a disjoint clopen refinement T of covering W. 

Consider the subset U = K. m \A and put T = {U}. Since A is closed, then 
U is open in K m . Applying Lemma 21 we get h R {x)/b = inf{l, dist(x, A)} 
for x G U. For y G S we take ^(y) G A with |y — ^(y)! — dist(y, A). Then 
we define a function (7 : K m — > F by the formula g(x) = P x (x) for x E A 
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and g(x) = J2 y es w y( x )P^(x)(x) for x G U. Therefore, g G C°°(K m ,K), since 
&g are polynomials of &w y and ^ l P^ y ) with the corresponding arguments, 
where 1 < % < j, 1 < I < j (see Corollary 2.6). 

In the particular case of X = K m we have 

&f(z;y-z,.. L ,y-z;0,...,0) = 

Di(i),...,j(,-) 6 {i,...,m} e J( i), e m \ 0, 0)( - j(i)z)...( !(,-)?/ - 

for / G C n (U, Y), j < n, where [/ is an open subset in K m , y,z <E U. In view 

of Theorem A.l (see Appendix) 

&P x (y®)-&P,(yW) =EtoEr i (^[^'^x(y°' ) )-^'^(^ ) )](4 i+i) ))-(2/- 
+ Er fc _, /-V ,t^/',u n - ^P.(^)); - 

where x, 2 G S, y G K m , j < k, y {j) = (y; v 1: vf, h, tj), z^ +j) = 
(z; v u ...,Vj, e J( i), e, w ; ti, 0, 0), v { G K m , ^ G K, k = (1(1), l(i)) C 
{1, m} for each i = 1, j; 

(^P x (y^)\(zf; j) )).(y-zy 
= ¥+iP x (z£ +j) )( m y- m z)...( m y- m z); 

Rk-j(& P x (z^) — & P z (z^); Zj^ ) is the continuous residue equal to zero for 
x = z for each lk-j, 

R k-i(f;4t 3 )-(y- z ) h ~ j := 'd)2/- Kk-j)V- i(k-j)z). 

Therefore, 

- &P z (yW)\\ < maxo^K^dy - zflx - ^| fc - J '- i )p(5', |x - z|). 

U z e A, G — A n B(K m ,z, | vr | 1 ) and i G £/ fl £?(K m , z, | j ) , then 
we choose y <E G with |x — y\ = dist(x, A), hence \x — y\ < \x — z\ < | ?r | 1 , 
|7r| so |/i(a;)| = \x — y\ < \n\ and \y — z\ < max(\x — y\, \x — z\) < \x — z\ < | ?r | 1 . 
Take s 2 > -1 such that [(1 + |tt| 2s ° +S2 )/(1 - |tt| 2so+S2 )] < |7r| _1 , consequently, 
q G G x implies |vr|- s °|%)| < |7r|- s »[(l + |7r| 2s ' ,+S2 )/(l - \n\ 2sQ+S2 )]\h(x)\ < 1 
and |7r|- S0 |%)| = \q-^(q)\, \q-x\ < max(|%)|, \h(x)\)\ir\ s » +S2 < \ir\ So+S2 < 
1 and \ip(q)—z\ < max(|-?/>(g)— g|, \q—x\, \x—z\) < max(|7r| _1 , 1, | ?r | 1 ) = | tit | 1 
and \ip(q)-y\ < max(|^(g)-g|, \q-x\, \x-y\) < max(|7r| _1 , 1, \ir\- 1 ) = |7r| _1 , 
since s + s 2 > 0, where ip(q) G G. 

If f_e C n (U, K) and g G C n (U, Y), where U is open in K m , then 

(i) & n (fg)(x^) = Eo<o,0<6,a+6=nEji<...<j ;si<...<s6;0'i,-,Jo}U{si,...,Si,}={l,...,n} 

&f(x\Vj l ,...,v ja \tj 1 ,...,tj a )$ b g{x + v h t h + ... + Uj tj ;u ai ,...,u Sk ;t ai ,...,t a J 
(see also Corollary 2.6). 

Take U z = U y = B(K m ,z, |tt| c ), that is, y G -B(K m , z, |tt| c ) with (gN, 
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then 

||$*0(xW)-$*P w (xW)|| K) < snPqeGx maxo<j<i p^wj maxb<i<j(|x- 

yl'Mq) ~ vr i )p(G, mq) - I]) < |7r|-V(G, - 1/1), since - 
<$> l P y (x^) = E geG $l (^(^(g) - *v))(& W ) and due to Formula (i), also 
max <j<i < max <j<i \7rh(q)\ l ~ : > < max <j<i | -zr j C^oH-i) ^ ) <- ^ Thus, 

(ii) j|$^(a;«) - ^(z W )|| c o (y M iK) < 
max(||$^(xW) - ¥P y (xW)\\ c0{Vz u Ky \\&P y (x^ - ¥P z (x^) || c0(v; « K) < 
|7r| -i max(p(G, |j/ - z|)) 

for each i < k. Therefore, by induction relative to % we get & l g(x^) = 
¥P x {x^>) for each x e A. From Formula (ii) it follows that there exists 
linw \\&g(xW) - ¥P z {x^)\\ g0(y ^^\x - z\ l ' k = 

for all z G A and 1 < % < k, hence &g is continuous at z and for % < k and 1 < 
I <k-i there are the identities ¥(¥g(z {i) ))(z i+l ) = ¥(¥ P z (z {i) ))(z i+l ) = 
¥ +l P z {z ii+l ^) = ¥ +l g(z {i+l ^) , where ¥g(z { - i) ) and ¥P z (z { - i) ) are defined on 
such that z e U z , U z is open in K m and it is sufficient to consider 
U z = B(K m ,z,\n\<). 

23. Theorem. If A C W C K m , f G C*(W, K n ) and 

/or eac/z z £ A and each < R < oo, where W is open in K m and < r < 1, 
Vz% corresponds to U z ^r = W r\B(K m , z, R), then for each e > there exists 
amapge C fc+1 (K m , K") such that fi m (A \ {x : f(x) = g(x)}) < e. 

Proof. In accordance with Theorem 20 fi m+ ^ m+1 ^ k+1 \A ( - k+1 \dom(^ k+1 f)) = 
and due to Theorem 15 4> fc+1 / is /i m+(m+1)(fe+1) L om ($fc+i/) measurable. From 
the Lousin Theorem 2.3.5 [6] it follows, that there exists a closed subset E 
in A (k+1 1 such that ^ k+1 f(x^ k+1 ^)\ E is continuous and ^Hm+m+i) ( A (k+i) y 
E) < e, where A^ k+l ^ is defined analogously to U^ k+1 \ Practically <5 fc+1 /(:r( fe+1) ) 
is also continuous on x K m x K \ {0}, that is, for t k+1 ^ 0. Put 

<P q (z^) := sup 0<j<k {\\&f(x^) " &f(z®) - ¥{¥f{z^)){z^-x^ - 
Z U). 1)11/1^) - : G V^fi,,; i« + z®}, 

where z (fc) = (z; v i, t> fc ; h, i fc ) G A (fc) , = (z; vf, h, g = 
1, 2, .... Then there exists lim^oo 4> q (z^) = for each z G E. Each function 
(/> g is borelian. 

Theorem 2.2.2 [6] states: suppose nonnegative is a measure over a 
metric space X, all open subsets of X are measurable, and B is a Borel 
set; (1) if 4>{B) < oo and e > 0, then B contains a closed set C for which 
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<f)(B \C) < e; (2) if B is contained in the union of countably many open sets 
Vi with <j)(Vi) < oo, and if e > 0, then B is contained in an open set W for 
which <f)(W \ B) < e. 

While the Egoroff Theorem 2.3.7 [6] is: suppose fi,f 2 ,... and g are 
measurable functions with values in a separable metric space Y, where non- 
negative is a measure over X; if <p(A) < oo, A C X, f n (x) — > g(x) for 
almost all x in A, and e > 0, then there exists a <fi measurable set B such 
that <f>(A \ B) < e and / n (x) — > g(x), uniformly for x G B, as n — > oo. 

In view of the Egoroff 2.3.7 and 2.2.2 Theorems [6] for each e > there 
exists a closed subset F in A (fc) such that ;(i m +( m + 1 ) fe )(^( fe ) \ F) < e and 
limg^oo sup^ g j (f)q(z) = for each compact subset J in F. 

Take G and G e from Theorem 17 and for z G G € consider the Taylor 
expansion of Theorem A.l with k here instead of n there and put P z (y) = 
f{z) + EjH&f(z;y-z,-,y-z-A-,0), hence P y {y) = f(y). On the other 
hand n m (A\G) = due to Theorems 17 and 19. Show that the suppositions 
of Theorem 22 are satisfied with Y = K n . Let if be a compact subset in G e 
and y,z G H . In accordance with Theorem A.l we have: 

$^( y (*))-$>P 2 ( y (>))^^ 

z,...,y- z;t 1 ,...,t i ,0,...,0)] 

for each % = 0, k—1 and < \y—z\ < \7r\ q , where = (y; v± : vf, t± : ...,U) 
and = (z;vi, ...,Vi]ti, ...,ti). Therefore, 

where z (fc) = (z; uj, n^y - z, y - 2;; ti, ti, 0, 0). Since is 
continuous on G, then $ fe+1 P y (y( fe+1 )) - $ fc+1 P z (n«) = $ fc + 1 /(y( fe + 1 )) - 
<5 fc+1 /(, 2 ( fc + 1 )) is small for small |t/ fe+1 ) - Thus from Theorem 22 

the statement of this theorem follows. 

24. Theorem. 1. If A C K"\ / : A -> K n and ap\im x ^ z \f(x) - 
f(z)\/\x — z\ r for ji m almost all z G A, where < r < 1, then for each e > 
there exists a map g G C 1 (K m , K n ) sncn tnai /i m (,4\ {x : /(x) = g(x)}) < e. 

2. Jf_A C W C_K m , f G C k _(W, K n ) and 

apiim a .( fc )_ J? ( fc )||$ fc /(a:( fc )) - ® k f(z {k) )\\ CO{v m Kn) /\xW - z ( k )\ r < 00 

for fi m almost all z G A and each < R < 00, where W is open in K m and 
< r < 1, A is fi m measurable, v} k ^ corresponds to U z ,r = Wr\B(K m , z, R), 
k > 1, then for each e > there exists a map g G C fc+1 (K m ,K") such 
that ^+{m+i)k^ w (k) \ ^ x ( k ) . = $^( x (fe))}) < C; wne re : = 

{(x;v u ...,u fc ;ti, ...,t fc ) : x G ...,n fc G K m ;ti, G K; x + n^i + ... + 
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Vjtj G W Vl<j<k}. 

Proof. In accordance with Theorems 19 and 20 there exist compact sub- 
sets H 2 , ... such that H { C B(K m+(m+1 ^ k , 0, |7r|- i )\5(K m+ ( m+1 ) fc , 0, |vr|- i+1 ) 
for i > 1 and H x C £?(K m+(m+1)fe , 0, 1/ jvr j ) and the restrictions $ fe /|ii; are lip- 
schitzian, /i ™+(™+i)fc(A( fc )n[( J B(K m+ ( m+1 ) fe , 0, |7r| _i )\.B(K m +( m + 1 ) fc , 0, |7r|- m ))\ 
Hi]) < e2-* for i > 1 and ^™+(™+i)fc(vyf } n [ J B(K m +( m+1 ) fe , 0, 1/|tt|) \ ifj]) < 
e/2, where W 7 "^ = A, <l / = /, fc = in the first case and k > in 
the second case. Using Theorem 8 by induction we construct a function 
h : K m+(m+1 ) fc — > K n such that ^|.B(K"»+("»+ 1 )*,o,|7r|- i ) * s a hpschitzian exten- 
sion of h\ B ^ Km +( m +i)k^ 7T \-i+i- j U^ k f\Hi- Therefore, h is locally hpschitzian and 
/2 ™+(™+i)k( W (k) \ ^( fc ) . ^fcy^W) = ^W)}) < e . The applying Theorem 
23 with K m , K ra , /i, instead of A, W, /, k gives the assertion of this theorem. 

25. Theorem. Let f : K m -> K n ; m,n G N. Lei a/so f o u E 
C s ' r (K,K n ) /or eac/i w G C°°(K,K m ) ; where s is a nonnegative integer, 
< r < 1, then there exists a fi m measurable subset G in K m such that 
f G C s+1 (G,K n ), where fx m (K m \ G) = 0. Moreover, /or eac/j e > there 
exists a map g G C s+1 (K m ,K n ) such that /i m (K m \ {x : f(x) = g(x)}) < e. 

Proof. The non-archimedean modification of the results from [2] gives, 
that / G C s ' r (K m ,K n ). Then by Theorem 9 there exists $ s+1 /(x( s+1 )) con- 
tinuous for almost all points x( s+1} G K m x (K m ) s+1 x (K) s+1 on a set G ,s+i 
and D i ^ j f(x^) is continuous for almost all points of K m x (K m ) j x (K) j 
on a set Gjj for each < «, j < s with % + j < s + 1. Since G^j C Go,j+j for 
each i,j and G , k = K m x (K m ) fc x (K) fc for each k < s, then G d'g 0)S +i 
and /i m (K m \ G) — 0. 

The second statement follows from Theorem 23. 

26. Theorem, i. Suppose f : K m — > K n , to, ra G N and f o u G 

ap G s+1 (K,K n ) /or eac/i w G C°°(K,K m ) ; where s is a nonnegative integer, 
then f G ap G s+1 (K"\ K n ). 

£ //A C K, f o u G ap C s ' r (K, A, K n ) /or eac/i u G C°°(K,K m ), 
where 0<r<l,Aisfi measurable, then for each e > there exists a 
map g G C s+1 (K m ,K n ) such that /i m+ ( m+1 ) s )((K^ m )( s ) \ {x^ : ^ s f(x^) = 
&g(x^)}) < e. 

Proof. From the ultra-metric modification of [2] it follows, that / G 
C s (K m ,K n ). 

1. It remains to prove, that $ s / G ap C 1 ((K m )^ s \ K n ), where (K m )( s ) = 
K m x(K m )*x(K) s and$ s /o M g op C' 1 ((K) W, K n ) for each u G C°°(K,K m ). 
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Therefore, it is sufficient to prove, assertion f for s = up to a choice of 
notation. But / o u G ap C l {K, K n ) for each u G C°°(K,K m ) means in 
particular this for u(t ) = x, u(ti) — u(t ) = efi with t ^ t\ G K, that 
& l f(x;ei]t) is /i m+1 almost everywhere continuous on K m x K and there 
exists a linear mapping Tj : K — > K n such that (//, V^aplim^o |/(# + ej£) — 
/(x) — Tjt|/|t| = for each % = 1, m, where V = B(K). Since % is arbitrary, 
then § l f(x;v;t) is fi 2m+1 almost everywhere on K 2m+1 continuous due to the 
combinatorial Formula: 

$\fou)(y, v, t) = Ef =1 S J+1M &f(u(y), e j: t^o PjU (y, v, t)){&op jU {y, v, t)), 
where S jjT u(y) : = Wj(y+r (s) ), w j+ i(y+T (s) ), M m (y+r (s) )), 

■u = (ui, u m ), Uj G K for each j — 1, m, y G K s , r = (ti, r^) G K fc , 
k > s, T( s ) := (ti,...,t s ), Pj(x) := Xj, x = (xi, x m ), Xj G K for each 
j = l,...,m, S j+hT g(u(y),P) := g(S j+1:T u(y), (3), y e K s , (3 is some pa- 
rameter. Then there exists a linear mapping T : K m — * K n such that 
(// m , V)ap\im z ^ x \f(z) - /(x) - T(z - x)\/\z - x| = 0, where V = B(K m ), 
since /z m = 0™!// and £>(K m ) = ®™ 1 i3(K) is the minimal a algebra gener- 
ated from the family of all subsets of the form A\ x ... x A m with G B(K) 
for each i = 1, m, consequently, / G ap C 1 (K m , K n ), where Te^i = Tjt for 
each t G K and each e i = (0, 0, 1, 0, 0) G K m . 

2. We will prove, that $7 G aj ,C°' r ((K ro )W, A m , K n ), then the sec- 
ond statement will follow from Theorem 24.2. Thus up to the notation 
it is sufficient to prove the second assertion for s = 0. We have / o u G 
ap C°' r (K,A,K n ) for each u G C°°(K,K m ), particularly, for u(i ) = z, 
u(ti) — u(t ) = e{t with t G K. Thus 

(//,y)aplim t ^ ||/(^ + e^) - /(2)||c°(Wi ,*> K ")/l*l r < °o 
for /i almost all t <E A and each < R < oo, where W^i? = £>(K, t , -R), 
F = Z3(K), consequently, 

(1) (/i m ,\/)aplim ;E ^||/(2;)-/(x)|| c o (l / Zifli K")/|a;-2r < ma^ 1 ap]im msx .\ ti \^ \\f(z+ 
dti + ... + tiU) - f(z + eiti + ... + e i _it i _i)||co(w t0i . iHl K»)/|^r < oo 
for /i m almost all t = (i ,i, *o,m) £ an d each < i? < oo, where 
V = £(K m ), since /j, m = ®™ =l n and £(K m ) = ^^(K) is the minimal a 
algebra generated from the family of all subsets of the form A\ x ... x A m 
with Ai G B(K) for each i = l,...,m, where U z ,r = B(K. m , z, R), x = 
z + e\t\ + ... + e m t m , U = i M - t ,i, i-z = Mt ,i), z = (iz,..., m z). Thus (1) 
is satisfied for /i m almost all z G A m and the applying of Theorem 24.2 gives 
assertion 2. 
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3 Appendix 



In [19] it was proved the non-archimedean variant of the Taylor theorem for 
functions of one variable and for several variables in Theorem A. 5 [15]. 

A.l. Theorem. Let f G C n+1 (U, Y), where n G N ; X and Y be topolog- 
ical vector spaces over K and U be either clopen in X or X be locally convex. 
Then for each x and y G U the formula 

f(x) = f(y) + E]+l&f(y;x-y,...,x-y;0,...,0) + R n+1 (f ] x,y).(x-y^ 
holds, where R n+1 {f;x,y) = R n+1 {x,y) : U 2 -> L n+1 (X®( n+1 \ Y) with 
lim-r^ R n+i (x, y) = 0, L n (X® n ,Y) denotes the space of n polylinear contin- 
uous operators from X® n into Y . 

Proof. If j < n, then & f(z; v i, vy, 0, 0) is the j polylinear opera- 
tor by vectors v±, ...,Vj as follows from application of Lemma 1.2. For n = 
take R 1 {x,y).{x-y) := f(x)-f(y)-^ 1 f(y;x-_y;0) = & f(y;x - y;l) - 
x — y; 0). For n = 1 from the definition of $ 2 / we have f(x) — f(y) = 
^ x f{y\x-y\ 1) and R 2 (x, y).{x-y)® 2 := $ 2 f{y; x-y, x-y; 0,1) -^/(y; x- 
y,x — y; 0, 0). Let the statement be true for n — 1, then from & n (y + t n+ i(x — 
y);x-y,...,x-y;t u ...,t n ) = § n (y;x-y, ...,x-y;h, ...,t n ) + f(y;x- 
y, ...,x - y;h, ...,t n ))(y;x - y;t n+ i))t n+1 jmd the continuity of it fol- 

lows that R n+1 (x,y).(x - y)®^ = ® n f(y;x - y,...,x - y;0,...,0,l) - 
$> n f(y;x- y,...,x - y; 0, 0, 0), hence R n+1 (f;x,y) = R n+1 (x,y) : U 2 -> 
L n+l (X^ n+1 \Y). Since / G C n+1 (U,Y), then lim^ R n+1 (x, y) = 0. In 
general the entire correction term R n+1 (f;x,y).(x — y)®( n+1 ) need not be 
polylinear, because R n+ i(f; x, y) may be nonlinear by x — y, but it is useful 
to write it in such form. 

Here it is not used D l , but partial difference quotients $ l are used in- 
stead, then multipliers \ does not appear and the Taylor formula is true 
for char(K) = p > with decomposition up to terms of order n + 1 > p 
as well. Considering given x,y G U we can associate with it an intersec- 
tion of {tx + (1 — t)y : t G K}. If U is clopen, then / has a C n+1 ex- 
tension on X, so we can consider a K convex clopen subset U\ such that 
U C U± C X instead of an initial one and denote it also by U. Thus, 
under suppositions of this theorem on U and X we can consider the case 
{tx + (1 — t)y : t G B(K,0, 1)} C U for each x,y G U without loss of gen- 
erality Therefore, R n+1 (y + vt, y).(tv)^ n+1) = t n+1 R n+1 (y + vt, y).v^ n+l) = 
(&($ n f(y; vt, vt; 0, 0))(y; v; t))t = t n+1 (¥(^f(y; v, v; 0, 0))(y; v; t)), 
where x — y = vt. Thus, the consideration can be reduced to x and y along 
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lines containing x and y. This gives 

R n+1 (y + vt,y).v®( n+ V = @\$»f(y;v,...,v;0,...,0))(y;v;t)), 
where $ n f(y; v 1: v n ; 0, 0) G L n (X^,V) and 

&(& n f(y, v u v n ; t u ...,t n )){y; v n+1 ; t n+1 )) = <S> n+1 f{y; v u ...,v n+1 ; t u t 
is continuous by (y; v±, ...v n+ i, t±, t n , t n+ i) E U^ n+r> with 

lim„ n+1 ^ ^(^"/(y; v u v n ] 0, 0))(y; v n+1 ; f)) = 
for each t such that (y; v±, ...,v n+ i, 0, 0, t) E U^ n+1 \ since 
$ n+1 f(y; v 1} v n+l - 0, 0) E L n+1 (X^ n+1 \ Y) so that 
^ n+1 f(y;v 1 ,...,v n ,0;0,...,0) = 0, while $ n _ +1 f(y; v u ...y n , 0; t u i n , Wi) = 
for t„ + i 7^ due to the definition of and This proves the 

desired limit property of the residue -R„+i due to the continuity of for 
each j <n + l, since the addition of vectors and multiplication of vectors on 
scalars are continuous operations in X. 
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